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Matematika G3 — Vektoranalizis
Utoljara frissitve: 2025. szeptember 07.

2.1. Skalarmezok gradiense és Laplace

a) ¢(r) = 6xY + sin e?

T 6yxY~1
gradp = Vo = (g—i, g_go; Z—Z) =|6xYInx
y eZ cose?

d6yx¥~1  96x¥1Inx N de? cos e?
0x dy oz
= 6y(y — Dx¥"2 + 6x¥ In® x + €Z cos e — ¢?Z sin 2

Ap =divgradp =

b) ¥(r) =r?/2 = (x> + y> + z%)/2

T X
grady = vy = (L) - H r
zZ

dx’ dy’ 0z
A¢=divgradgb=g—;c+g—§+g—j=3
c) xr)=xy+xz+yz
grady =Vy = (%%%)T = Fciz]
x+Yy
Ay =divgrad y = G(ya;lc- 2) + a(xa; 2) + a(xa-;- Y) =0
d) w(r) =2x%y + xz% + 6y
2
gradw = Vo = (g—i, g_c;; g_c;))T = l42x)3}2-ll_-z6 }
2xz
Aw = divgradw = o4xy + 27 + 02x° +6 + 02xz =4y + 2x

d0x dy 0z
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2.2. Vektormezok rotacioja és divergenciaja

a) vr) =r=@i+»)Jj+@k

divo = (V;v) = ox 6y 9z

B

A vektormez6 sehol sem forrasmentes, de 6rvénymentes az egész értelmezési tarto-
manyan.

=1+1+1=3

b) w(r) = Bxy + z2)i + (6€%) j + (=5x") k

0(3xy +z2) d(6e?) I(—=5xY)
+ +
ox dy oz

Oy 3xy + z2 —5xY In x — 6€?
rotw=Vxw=|[d,|x| 6e [=] 2z+5yx¥"!

2, —5xY —-3x

divw = (V;w) = =3y+0+0=3y

A vektormezd forrasmentes az y = 0 sikon, de sehol sem 6rvénymentes. (z koordina-
ta: x = 0, x koordinata: x # 0, ez ellentmondas.)

o) u(r) = (In(xy/z))i + (In(yz/x)) j + (In(zx/y)) k

d1In(xy/z) N d1In(yz/x) 4 dIn(zx/y) _

divu =(V;u) = i 3 e

z 'y x z 'y x 1 1 1
= — .24 . 4L . =4
Xy z yz x zx 'y X Yy 2z
'L<—_Zx>_i(z> _L 1
xz \ y? Yz \Xx y z
Ox In(xy/z) 2 z 11
rotu=Vxu=|0,|x|In(yz/x) = —(—2y>—l(—> ol
o In(zx/y) Xyt z XZ\y
X (—yz Z (X 1 1
£E-20)] |41
d) s(r) = a|r| + [la|lr (a € R?)
divs = (V;s) = (Vi alr[) +(V; llalr) = (a; V|r|) + llal| {(Vir) =
1 _Aa;r)
= 2r>+ a =
= (s g 2r) ol -3 =
rots=Vxs=Vx(a|r])+V x(|a|r)=V]|r|xa+|a|Vxr=
xa+|a]-0="22
el || il
Egyszerusitések sordn felhasznalt képletek:
gradr = divr =3, rotr=0.
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2.3. Azonossagok bizonyitasa

a) rotgrad® =0

Ox 0, P 0,0,¢ — 3,0,9 0
rotgrad® = [d, | X [ 9,2 0,0, —0,0,2|=10[=0
o 0,P 050, P — 0,0, P 0

b) divrotv =0

e 5]

9 Yy + Ux azUz + azvy _ azvx —
axay 0x0z 8yaz dydx  0zodx 0zOdy
_ 0%vy  O%ux N %v, _ d%v,, N Pv, %, _
dydz 0zdy 0zdx 0xdz OJxdy OJdyodx

c) grad(®V) = P grad ¥ + ¥ grad ¢
rad(®V)). = 8,(PV) = POV + ¥ 8,0 = (b grad ¥ + ¥ grad &),
g ; g g i

d) A(PP) = (AP + 2 (grad @; grad ) + U(AD)
3 3
APY) = 3H W) = Z 0; (PO + W 5;9) = ). (DM +2(5:9)(B0) + W 37) =
i= 1 i=1

= Z o2 +2 Z(a DVOW) + ¥ Z 02 = O(AW) + 2 (grad &; grad ¥') + U(AD)

i=1 i=1

e) div(dv) = (grad &; v) + ¢divv

3 3
div(ov) = Z 0;(Pv;) = z ((0;2)v; + P(0;v;)) = (grad ®; v) + ¢ divv

i=1 i=1

f) div(v X w) = (rot v; w) — (v; rot w)

a(Uywz - Uzwy) n a(vzwx — waz) " a(way - Uywx)
ox dy oz

aUy 6vz 6vz avx 6vx aUy

R A T R M- P G- 7

6wz awy awx 6wz aLUy 8wx
L, — U, + ayUz— ayUx+ aZl)x— Uy

+ ox ¥ 0dx

_ aUZ avy 6vx al)z avy aUx

—(E‘a—z)w“(a—z‘a—x)wy* ox 3y )"

_(dwz 9wy _(%_%)U _(%%y  dwy)
dy oz ) % 4z ox )Y dx dy | %

= (rot v; w) — (v; rot w)

diviv X w) =
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2.4. Potencialfiiggvények

Do) =0+2)i+x+2)j+x+k

« A vektormez6 skaldrpotencidlos, ha rotaci6ja zérus:
Ox y+z dy(x +y) = d,(x +2) 1-1 0
rotv=|0,[X|x+z|=|0,(y+2)—0x(x+y)[=[1-1|=]0
xX+y Ox(x+2)—3d,(y +2) 1-1 0
A potencialfiiggvény:

x y z
or) = f v yi2) dE + f 0,0 7:2) dn + f 0,(0:0¢) d¢
0 0 0

x y z

=f (y+z)d§+/ (0+z)dn+f(0+0)d§
0 0 0

=xy+xz+yz+C.

A kereseett potencidlfiiggvény:

O(r) =xy+ xz + yz.

« A vektormez§ vektorpotencialos, ha divergencidja zérus:

dv Jduv OJv
leU a—+$+a— 0+0+0=0.

A potencidlfiiggvény:
ko) = [ oean0d = [Grow=xz+ S,
0 0
%) = [ w0 [ o
0 0

= fox(§+y)d§—foz(y+§)d§

x2 2

z
=7+xy—7—yz+Cy

A keresett vektorpotencial:

zz . x? z2 . .
V(r)=(xz+7)i+(7+xy—7—yz)j+(0)k.

b) w(r) = (XYY i + (XY cosy) j + (0) k

« Egy vektormezd skaldrpotencialos, ha rot4cidja zérus:

x+s1ny 0—-0
rotw = X ex+smy cosy 0-0 =
x+siny cosy — ex+siny Cosy
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A potencialfiiggvény:

x y z
o(r) = f w5 y;2) dE + f ,(0:7:2) dn + f 10,(0:0.¢) d¢
0 0 0

x ¥ z
:f e5+Si“yd§+f eSin’?cosndn+f 0d¢
0 0 0

= (¥ —1)es"Y + 5"V — 14+ 0+ C.

A keresett potencidlfiiggvény:

lP(r) = pXtsiny

Egy vektormez6 vektorpotencidlos, ha divergencidja zérus:

divw = g—l)‘: + 66_1;)0 + da_LZv = eXtsiny 4 oXHsiny(cog? y —siny) # 0.

Mivel divw # 0, ezért nem létezik w-nek vektorpotencidlja.
o) u(r) = (2zx®)i+ (3z) j + (-3x*z3)k

« Egy vektormezd skalarpotencidlos, ha rotacidja zérus.

rotu=[ ]x[ ] [2x +6xz]7é0
9, —3x2z2

Mivel rot u # 0, ezért u-nak nem létezik skalarpotencialja.

« Egy vektormezd vektorpotencidlos, ha divergencidja zérus.

dlvu—a—u+a—u+a—u—6xz+0 6x2z = 0.
ox Jdy Oz

A potencialfiiggvény:
z z 322
0o = [ wenda = [ eoa =2 e,
Ox 0Z
00 = [ unE0d - [ unyoa
0 . 0
= f (0)d¢ — f (2{x*)d¢ = 0—x3z% + C,,.
0 0
A keresett vektorpotencial:

Ur) = (%Zz) i+(—x32%)j + (0)k.
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